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The Lie group of vertical bisections of
a regular Lie groupoid
Alexander Schmeding∗
In this note we construct an infinite-dimensional Lie group structure on
the group of vertical bisections of a regular Lie groupoid. We then identify
the Lie algebra of this group and discuss regularity properties (in the sense
of Milnor) for these Lie groups. If the groupoid is locally trivial, i.e. a
gauge groupoid, the vertical bisections coincide with the gauge group of
the underlying bundle. Hence the construction recovers the well known
Lie group structure of the gauge groups. To establish the Lie theoretic
properties of the vertical bisections of a Lie groupoid over a non-compact
base, we need to generalise the Lie theoretic treatment of Lie groups of
bisections for Lie groupoids over non-compact bases.
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1
Introduction and statement of results
Lie groupoids have found wide application in differential geometry. In particular,
they can be used to formulate the symmetry of objects with bundle structure. They
generalise Lie groups and their Lie theory exhibits features not present in the theory of
(finite-dimensional) Lie groups (e.g. the integrability issue of Lie algebroids discussed
in [CF03, CF11]). To every (finite-dimensional) Lie groupoid one can construct an
(infinite-dimensional) Lie group, the group of (smooth) bisections of the Lie groupoid
[Ryb02, SW15,AS19]. Moreover, one can show that the geometry and representation
theory of this group is closely connected to the underlying Lie groupoid. If the Lie
groupoid is locally trivial (i.e. represents a principal fibre bundle), one can even recover
the Lie groupoid from the infinite-dimensional Lie group [SW15,SW16b,SW16a,AS19].
In the present note we develop the Lie theory for the group of vertical bisections. A
vertical bisection is a smooth map which is simultaneously a section for the source and
the target map of the groupoid. We prove that for regular Lie groupoids, the vertical
bisections form an infinite-dimensional Lie group which is an initial Lie subgroup of the
group of bisections. Before we explain this result, lets motivate the interest in groups
of vertical bisections. Firstly, we restrict to the special case of a gauge groupoid
Gauge(P ) := (P × P/H ⇒ M) of a principal H-bundle P →M over a compact base
M .1 Then the Lie group of bisections Bis(Gauge(P )) is isomorphic (as an infinite-
dimensional Lie group) to the group of (smooth) bundle automorphismAut(P ), [SW15,
Example 2.16]. Translating the vertical bisections to the bundle picture, they are
identified with the automorphisms of P descending to the identity on the base. Hence
the group of vertical bisections vBis(Gau(P )) is isomorphic to the gauge group Gau(P )
of the principal H-bundle. Thus [Woc06] shows that we obtain a Lie group extension
vBis(Gauge(P )) Bis(Gauge(P )) Diff [P ](M)
Gau(P ) Aut(P ) Diff [P ](M)
∼= ∼= ∼= (1)
where Diff [P ](M) is a certain open subgroup of the group Diff(M) of diffeomorphisms
of M . Thus for locally trivial Lie groupoids our results on the vertical bisections are
not new as they can be derived from the Lie theory of gauge groups, [Woc06,Sch13]. In
the present paper we seek to generalise these results to a larger class of Lie groupoids
not related to principal bundles.
Secondly, (vertical) bisections are closely connected to the differential geometry of
the underlying Lie groupoid. Thinking of a bisection σ as a generalised element of
the Lie groupoid, we obtain an inner automorphism, [Mac05, Definition 1.4.8] and
a surjective morphism onto the, in analogy to the Lie group case so called, inner
1Gauge groupoids are locally trivial Lie groupoids and every locally trivial Lie groupoid arises as a
gauge groupoid of a principal bundle, [Mac05, §1.3]. Here M being compact allows us to ignore
some technicalities arising in the non-compact case (which is similar to the compact case (if one
replaces the results in [Woc06] by [Sch13,ACMM89]).
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automorphisms of the groupoid
π : Bis(G)→ Inn(G) ⊆ Aut(G), σ 7→ Iσ, Iσ(g) := σ(β(g)) · g · σ(α(g))
−1.
The vertical bisections are mapped precisely to the subgroup of inner automorphisms
which preserve source and target fibres. Though the global structure of the groups
Inn(G),Aut(G) has to our knowledge not yet been studied, these groups are closely
connected to the geometry of the Lie groupoid, [CS16, Section 5].2 Apart from the
connection to inner automorphisms, we have shown in [SW16b,SW16a] that for certain
Lie groupoids the groupoid can be recovered from their groups of bisections. Namely,
in [SW16b, Section 4] certain Lie subgroups of the bisections were crucial to this (re-
)construction process. So far this process is restricted to locally trivial Lie groupoids
and a generalisation would require different ingredients. One natural candidate for
this could be the group of vertical bisections.
Let us now describe our results in in greater detail. Recall that to a Lie groupoid
G = (G⇒M) one can associate its group of bisections Bis(G), i.e. a group of smooth
mappings
σ : M → G, such that α ◦ σ = idM , β ◦ σ ∈ Diff(M),
where α and β are the source and target mappings of the Lie groupoid G. It is well
known that the bisection group is an infinite-dimensional Lie group (cf. [SW15,AS19])
modeled on a locally convex space. Working on locally convex spaces, we adopt the
so called Bastiani calculus (cf. Appendix A for a brief recollection) to make sense
of differentiability beyond the realm of Banach spaces. Our interest then lies in the
subgroup of vertical bisections
vBis(G) := {σ ∈ Bis(G) | β ◦ σ = idM}.
It is easy to see that vBis(G) is a closed (and normal) subgroup of Bis(G). Unfor-
tunately, this does not entail that vBis(G) is a Lie subgroup of Bis(G), as Bis(G)
is an infinite dimensional Lie group.3 Specialising to regular Lie groupoids, i.e. Lie
groupoids for which the anchor map (α, β) : G → M ×M is a mapping of constant
rank, we obtain the following result:
Theorem A Let G be a regular Lie groupoid, then the subspace topology vBis(G) ⊆
C∞(M,G) turns the group of vertical bisections into an infinite-dimensional Lie group.
Moreover, vBis(G) becomes an initial Lie subgroup of Bis(G).
An initial Lie subgroup of is an injective morphism of Lie groups with injective
differential such that a map into the ambient group which takes its image in the initial
subgroup is of class Ck if and only if it is a Ck-map to the subgroup. Being an initial Lie
subgroup is a weaker notion then being a Lie subgroup (which requires the subgroup
to be a submanifold). In the particular case at hand we were not able to construct the
2Another example along these lines can be found in [Ort18, Appendix], where geometric objects
such as torsion free connections are constructed using the vertical bisections of the jet groupoid.
3See [Nee06, Remark IV.3.17] for a counter example of a closed subgroup of an infinite dimensional
Lie group which is not a Lie subgroup.
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vertical bisections as a submanifold of the bisection group. This unfortunately entails
that so far it is unclear whether the canonical short exact sequence (cf. the first line
of (1)) will yield an extension of Lie groups.
Moreover, we establish some basic Lie theoretic facts for the group of vertical bisec-
tions. As our construction identifies the connected component of the unit in vBis(G)
as (the connected component of the unit of) a certain bisection group, we can identify
the Lie algebra of the vertical bisections. Moreover, this also entails that the group
of vertical bisections is a regular Lie group in the sense of Milnor: A Lie group H is
Cr-regular for r ∈ N0 ∪ {∞}, if for every C
r-curve γ : [0, 1]→ L(H)) the initial value
problem {
η′(t) = γ(t).η(t) := T1ρη(t)(γ(t)) ρg(h) := h ⋆ g
η(0) = 1
(2)
has a unique Cr+1-solution Evol(γ) := η : [0, 1]→ H and the map
evol: Cr([0, 1],L(H)))→ H, γ 7→ Evol(γ)(1)
is smooth. Summing up, our results subsume the following:
Proposition B The following holds for the Lie group vBis(G) from Theorem A:
1. the Lie algebra L(vBis(G)) can be identified as the compactly supported sections
Γc(I(L(G)) of the isotropy Lie subalgebroid with the negative of the usual bracket.
2. the Lie group vBis(G) is Cr-regular for every r ∈ N0 ∪ {∞}, whenever M is
compact or G is a transitive Lie groupoid.
We expect Proposition B 2. to hold for all vertical bisection groups, as all bisection
groups of finite-dimensional Lie groupoids are expected to be regular. For groupoids
over a non-compact base, these results require mild generalisations of the results ob-
tained in [SW15, SW16b].4 While these modifications are relatively easy for the Lie
algebra, regularity is much more difficult to obtain. The main issue is that the function
space topologies are much more involved in this case, see [HS17,Mic80]. In particular,
an exponential law is not available for these spaces (which was one of the ingredients
in the proof of regularity in [SW15]). Working around this would require extensive
localisation arguments (on a cover of compact sets) which is in principle no conceptual
problem but would lead quite far away from the main line of reasoning. Thus we have
not established the result in full generality.
Structure of the article In Section 1 we set notation and recall several essentials
on the Lie group of bisections of a (finite-dimensional) Lie groupoid. In particular,
we also establish here the properties of bisection groups of Lie groupoids over non-
compact bases, which are needed to establish Proposition B. Then section 2 deals
with the group of vertical bisections of a regular Lie groupoid and there we establish
Theorem A. Finally, notes on the differential calculus and some key properties of Lie
groupoids and (infinite-dimensional) Lie groups are collected in Appendix A.
4Recall that in [Ryb02] similar results were also obtained for all bisection groups in the inequivalent
setting of “convenient calculus” [KM97].
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1. Preliminaries and the Lie group of bisections
We shall write N = {1, 2, . . .} and N0 := N ∪ {0}. Hausdorff locally convex real topo-
logical vector spaces will be referred to as locally convex spaces. All manifolds will be
assumed to be Hausdorff spaces and if a manifold is finite-dimensional we require that
it is σ-compact (for infinite-dimensional manifolds no such requirements are made).
We shall work in a setting of infinite-dimensional calculus known as Bastiani calcu-
lus, cf. Appendix A and for manifolds M,N we let C∞(M,N) denote the set of all
(Bastiani) smooth mappings fromM to N . Furthermore, we denote by D(M,TN) the
smooth mappings s : M → TN such that s = 0 off some compact set K ⊆M (i.e. the
“space of all smooth mappings with compact support”).
1.1. In the following G = (G ⇒ M) will be a (finite-dimensional) Lie groupoid with
source map α and target map β. We denote by ι : G → G the inversion and by
1 : M → G the unit map.
1.2. To the Lie groupoid G we associate a group of smooth mappings, the so called
bisection group. To this end, let
Bis(G) := {σ ∈ C∞(M,G) | α ◦ σ = idM and β ◦ σ ∈ Diff(M)},
be the set of bisections of G. The operations
σ ⋆ τ(x) := σ(β ◦ τ(x))τ(x), σ−1(x) = ι ◦ σ x ∈M
turn Bis(G) into a group.
1.3 Proposition (cf. [SW15, Theorem 3.8] and [AS19, Proposition 1.3]). Let G be a
finite dimensional Lie groupoid, then Bis(G) is a submanifold of C∞(M,G)5 and this
structure turns the bisections into is an infinite dimensional Lie group.
1.4 Remark. Note that in the setting of infinite-dimensional calculus we are working
in the Lie theory for the Lie group of bisections has so far only been established for Lie
groupoid with compact base [SW15]. To our knowledge there is currently no citable
source for the following folklore facts crucial to the Lie theoretic treatment of the
bisection group for Lie groupoids over a non-compact base:
• the Lie algebra L(Bis(G)) is the Lie algebra Γc(L(G)) of compactly supported
sections of the Lie algebroid L(G) associated to G with the negative of the usual
Lie bracket,
• the Lie group Bis(G) is Cr-regular for every r ∈ N0 ∪ {∞}
For Lie groupoids over a compact baseM , proofs for these facts can be found in [SW15,
Section 4 and 5]. To the best of our knowledge no proof of the above exists in the
5IfM is non-compact, the topology on C∞(M,G) is the so called fine very strong topology, cf. [HS17]
and see [Mic80] for the construction of the manifold structure. IfM is compact, the fine very strong
topology coincides with the familiar compact-open C∞-topology.
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literature for Lie groupoids over a non-compact baseM . Note that [Ryb02] establishes
this in the inequivalent setting of convenient setting of global analysis (cf. [KM97]).
However, the results we are after are stronger, as they entail continuity of the evolution
map, which is not automatic in the convenient setting.
In the rest of this section we will prove results and discuss the necessary changes to
identify the Lie algebra of bisection groups for Lie groupoids over non-compact base.
1.5 Lemma ( [AS19, Corollary A.6]). Let G = (G⇒ M) be a finite-dimensional Lie
groupoid, then the evaluation mapping ev : Bis(G) × M → G, (σ,m) 7→ σ(m) is a
smooth submersion.
1.6 Lemma. Let G = (G⇒M) be a finite-dimensional Lie groupoid, then the canon-
ical action of the bisection group γ : Bis(G)×G→ G, (σ, g) 7→ σ(β(g)).g is smooth.
Proof. Note that we can write the action as a composition
γ(σ, g) = m(ev(σ, β(g)), g), σ ∈ Bis(G), g ∈ G
where m : G×M G→ G denotes the multiplication map of the Lie groupoid. Since ev
is smooth by Lemma 1.5, we deduce that γ is smooth.
1.7 Remark. Having established smoothness similar arguments as in [SW16b, Propo-
sition 2.4] show that the restricted action
γg : Bis(G)→ α
−1(α(g)), σ 7→ γ(σ, g)
is a submersion. However, we do not need this result.
We adapt now the approach in [SW15, Section 3] using smoothness γ to identify the
Lie algebra of the bisection group Bis(G):
1.8 Proposition. The Lie algebra of Bis(G) is isomorphic to the Lie algebra of smooth
compactly supported sections Γc(L(G)) with the negative of the usual bracket.
For M compact Proposition 1.8 was established as [SW15, Theorem 4.4]. For non-
compact M the function space topologies are much more involved, whence we have to
explain how to adapt the proof to the new situation
Proof of Proposition 1.8. Throughout we assume that M is not necessarily compact
and Bis(G) is endowed with the Lie group structure constructed in [AS19, Proposition
1.3]. Recall that the submanifold structure was constructed by an application of the
Stacey-Roberts Lemma [AS17, Lemma 2.4]. Reviewing the proof, the Stacey-Roberts
Lemma constructs submersion charts for the pushforward α∗ by constructing a local
addition adapted to the source projection, cf. [SW15, Definition 2.1] (this is apparent
from [AS17, Lemma C.4]). Hence we can describe the submanifold structure as in the
proof of [SW15, Proposition 3.6] which identifies the model space as
E := {γ ∈ D(M,TG) | ∀x ∈Mγ(x) ∈ T1xα
−1(x)}
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the space of compactly supported sections of the Lie algebroid L(G). Following [Mic80,
Theorem 10.13] we obtain an isomorphism
ΦM,G : TC
∞(M,G)→ D(M,TG), [t 7→ η(t)] 7→ (m 7→ (t 7→ [η(t)(m)]))
of (infinite-dimensional) vector bundles (see [SW15, proof of Theorem A.9] for a de-
tailed explanation). Here we have identified tangent vectors with equivalence classes [η]
of smooth curves η : ]−ε, ε[→ C∞(M,G) for some ε > 0. Furthermore, [Mic80, Lemma
19.15] entails that for a smooth curve η : ]−ε, ε[→ C∞(M,G) we have d
dt
η(t)
∣∣
t=0
(x) =
∂tη
∧(t, x)|t0 , where η
∧ : ]−ε, ε[×M → G is the associated map. As explained in [SW15,
Section 4], ΦM,G restricts to an isomorphism ϕG : L(Bis(G)) = T1Bis(G)→ Γc(L(G)).
To see that ϕG is an antiisomorphism of Lie algebras it suffices to prove (cf. [SW15,
proof of Theorem 4.4]) that for every right invariant vector field Xρ on Bis(G) the
vector field Xρ × 0 is related by the natural action γ : Bis(G) ×G→ G (Lemma 1.6)
to the vector field
−−−−→
ϕG(X) defined via
−−−−→
ϕG(X)(g) := T (Rg)(ϕG(X)(β(g))) (where Rg
is the right-translation in the Lie groupoid. Since Lemma 1.6 shows that the nat-
ural action is smooth and , this identification can be carried out exactly as shown
in [SW15, Proposition 4.2] since Lemma
2. The vertical bisections of a regular Lie groupoid
In this section we will discuss the Lie group structure of the group of vertical bisections
of a Lie groupoid G = (G⇒M).
2.1 Definition. A vertical bisection of G is a bisection σ ∈ Bis(G) such that β ◦ σ =
idM . We denote the subgroup of Bis(G) of all vertical bisections by
vBis(G) = {σ ∈ Bis(G) | β ◦ σ = idM}
2.2 Example. Let G be a Lie groupoid.
1. If G is totally intransitive, i.e. source and target mapping coincide and G is a Lie
group bundle, the vertical bisections coincide with the group of bisections.
2. If G is a transitive Lie groupoid, i.e. a gauge groupoid of a principal H-bundle
P → M , the vertical bisections coincide with the gauge group of the principal
bundle, cf. [SW15, Example 2.16].
It is not hard to see that the subgroup vBis(G) is a normal subgroup of Bis(G), [CS16,
Proposition 1.1.2.]. As the pushforward β∗ : C
∞(M,G) → C∞(M,M), f 7→ β ◦ f is
smooth (whence in particular continuous), vBis(G) is a closed subgroup of Bis(G).
Unfortunately, this does not entail that vBis(G) is a Lie subgroup of Bis(G), as Bis(G)
is an infinite dimensional Lie group.
The vertical bisections are exactly the bisections which take their values in the
isotropy subgroupoid IG (cf. Appendix A) of G, i.e.
vBis(G) = {σ ∈ Bis(G) | σ(M) ⊆ IG}.
If IG was a Lie subgroupoid (which it in general is not, cf. A.13), we could identify
the vertical bisections as the group of (smooth) bisections of the isotropy subgroupoid.
However, there is a large class of Lie groupoids for which at least the connected identity
subgroupoid of the isotropy groupoid is an embedded Lie subgroupoid.
2.3 Definition. A Lie groupoid G = (G ⇒ M) is called regular Lie groupoid if the
Lie groupoid anchor
(α, β) : G→M ×M, g 7→ (α(g), β(g))
is a mapping of constant rank.
2.4 Remark. Many important classes of Lie groupoids, such as foliation groupoids
of regular foliations, transitive groupoids and locally trivial groupoids are regular
groupoids, cf. [Wei02,Moe03] for more information.
The regularity condition on the anchor (α, β) : G→M×M is equivalent to requiring
that the anchor ρ : L(G) → TM of the associated Lie algebroid is of constant rank,
cf. [Wei02].
2.5 Lemma ( [Moe03, Proposition 2.5]). Let G be a regular Lie groupoid, then IG◦
is an embedded normal Lie subgroupoid of G. Its associated Lie algebroid L(IG◦) is
the isotropy subalgebroid IL(G) of L(G).6
Let us remark here that even as the for regular Lie groupoids, the subgroupoid IG
is not in general an embedded Lie subgroupoid, as the following example shows:
2.6 Example. Let T := R2/Z2 be the 2 dimensional torus. Consider the action of
(R,+) on T×]− 1, 1[ via
λ · ([x, y], ε) := ([x + λ, y + λε], ε), λ ∈ R, [x, y] ∈ T and ε ∈]− 1, 1[.
The associated action groupoid A is regular as all orbits are diffeomorphic either to
circles or lines. Furthermore, the isotropy at a given point ([x, y], ε) ∈ A is either a
copy of Z in R × {([x.y ε)} if ε is rational or a singleton for ε irrational. As all the
points in the same orbit have isotropy of the same type, this implies that the isotropy
subgroupoid would have to be at least a one dimensional submanifold if it were an
embedded submanifold. However, this implies that IA can not be an embedded Lie
groupoid as for example there is no neighborhood of the point (1, [x, y], 0) ∈ IA which
is diffeomorphic to a non-trivial euclidean space (due to the trivial isotropy groups of
the points ([x, y], ε) for ε ∈ R \Q.
Thus we can not leverage in the following constructions a smooth structure on the
isotropy groupoid. Note that by restricting ourselves to the smaller class of locally
trivial Lie groupoids, such a structure would be available, as then IG is indeed an
embedded submanifold, [Mac87, Proposition 1.17]. Instead we will now describe a
6Recall that the isotropy subalgebroid IL(G) is given fibre-wise as the kernel ker(ρx), or equivalently
as the Lie algebra L(α−1(x) ∩ β−1(x)) of the isotropy subgroup at x, cf. [CF11, 2.2].
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construction of a Lie group structure on vBis(G) which works for every regular Lie
groupoid. To this end we leverage that IG◦ is an embedded submanifold and consider
an auxiliary group
vBis◦(G) := {σ ∈ Bis(G) | σ(M) ⊆ IG◦}
Since IG◦ is an embedded sub Lie groupoid, we can test smoothness of a bisection
taking its values in IG◦ with respect to the submanifold structure A.5. Hence, we
obtain the following
2.7 Proposition. Let G be a regular Lie groupoid. Then vBis◦(G) ⊆ C∞(M,G) is a
submanifold and this structure turns vBis◦(G) into an infinite-dimensional Lie group
which is isomorphic to Bis(IG◦). Moreover, this Lie group satisfies the following:
1. The Lie algebra L(vBis◦(G)) is isomorphic to the Lie algebra Γ(IL(G)) of smooth
sections of the isotropy Lie subalgebra with the negative of the usual bracket.
2. The inclusion ιBis : vBis
◦(G)→ Bis(G) turns vBis(G) into an initial Lie subgroup
of Bis(G).
Proof. Due to Lemma 2.5, we can consider the embedded subgroupoid IG◦ ⊆ G. De-
noting by I : IG◦ → G the associated embedding, the mapping I∗ : C
∞(M, IG◦) →
C∞(M,G), f 7→ I ◦ f is a smooth embedding, realising C∞(M, IG◦) as a split sub-
manifold of C∞(M,G), cf. [Mic80, Proposition 10.8]. We recall from 1.2 that Bis(IG◦)
is a submanifold of C∞(M, IG◦) and this structure turns it into a Lie group. Now the
canonical identification I∗(Bis(IG
◦)) = vBis◦(G) shows that the Lie group vBis◦(G) ∼=
Bis(IG◦) can be identified as a submanifold of C∞(M,G) (cf. [Glo¨16, Lemma 1.4]).
We establish now the properties claimed in the proposition:
1. The isomorphism Bis(IG◦) ∼= vBis◦(G), identifies the Lie algebra of vBis◦(G)
with L(Bis(IG◦). Since the isotropy subgroupoid is the Lie algebroid of IG◦,
Proposition 1.8 shows that we obtain the Lie algebra claimed in the statement
of the proposition.
2. To see that vBis◦(G) is initial subgroup, note first that vBis◦(G) and Bis(G) are
both submanifolds of C∞(M,G). Thus a mapping f : M → C∞(M,G) from a
Ck-manifold which takes its image in H ∈ {vBis◦(G),Bis(G)} is of class Ck if
and only if it is a Ck-mapping into H . Now the inclusion ιBis is an injective
group morphism. Composing ιBis with the inclusion Bis(G) ⊆ C
∞(M,G), we
obtain the (smooth) inclusion vBis◦(G) ⊆ C∞(M,G), whence ιBis is an injective
Lie group morphism. It is easy to see that L(ιBis) : L(vBis
◦(G)) → L(Bis(G))
is injective, as it is, up to an identification, just the inclusion of subspaces.
Hence we consider a Ck-map f : N → Bis(G) taking its image in vBis◦(G). Then
ι−1Bis◦f is a C
k-map into vBis◦(G), as we can identify it with the Ck-map f : M →
Bis(G) ⊆ C∞(M,G).
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Note that the above proof gives no information about vBis◦(G) being a Lie subgroup
of Bis(G) in the traditional sense (i.e. being an embedded submanifold). However, we
will now leverage the structure on vBis◦(G) to construct a Lie group structure on
vBis(G) via the construction principle Proposition A.9.
2.8 Theorem. Let G be a regular Lie groupoid, then the group of vertical bisections
vBis(G) is an infinite-dimensional Lie group with L(vBis(G)) = L(vBis◦(G)). With
respect to this structure, the vertical bisections form an initial Lie subgroup of Bis(G).
Proof. Apply the construction principle Proposition A.9: Set U = V = vBis◦(G) and
observe that part (a) just yields the Lie group structure on vBis◦(G) from Proposition
2.7. We wish now to apply part (b) of Proposition A.9 to obtain a Lie group structure
on vBis(G).
To this end, we observe that IG◦ forms a normal Lie subgroupoid of G, 2.5. Let
now σ, τ ∈ vBis(G), then one directly verifies from the formula for multiplication and
inversion in the bisection group that
cτ (σ)(x) := τ ⋆ σ ⋆ τ(x) = τ(x) · σ(x)(τ(x))
−1 ,
where (τ(x))−1 denotes the inverse of τ(x) in the Lie group α−1(x) ∩ β−1(x). If σ ∈
vBis◦(G), we deduce that cτ (σ)(x) stays in the normal subgroup α
−1(x)∩β−1(x)∩IG◦,
whence vBis◦(G) is a normal subgroup of vBis(G). Hence we set W := vBis◦(G) and
have to prove that cτ : W → W is smooth for every τ ∈ vBis(G). As Bis(G) is a Lie
group, Cτ : Bis(G)→ Bis(G), δ 7→ τ ⋆ δτ
−1 is smooth. In Proposition 2.7 we have seen
that the inclusion ιBis : vBis
◦(G)→ Bis(G) turns vBis◦(G) into an initial Lie subgroup
of Bis(G). Combining these observations we conclude from Proposition A.9 (b) that
vBis(G) is a Lie group as cτ = ι
−1
Bis ◦ Cτ ◦ ιBis is smooth for every τ ∈ vBis(G).
Since vBis◦(G) is an open Lie subgroup of vBis(G) it is clear that the Lie algebras
of both groups coincide. To see that vBis(G) is an initial Lie subgroup of Bis(G) we
observe that the inclusion IBis : vBis(G) → Bis(G) is an injective morphism of Lie
groups with L(IBis) injective since ιBis is such a morphism. Let now f : N → Bis(G)
be a Ck-map with image in vBis(G). It suffices to check the Ck-property on every
(open) connected component of vBis(G). Without loss of generality, we may thus
assume that f takes its image in a component C ⊆ vBis(G) such that for g ∈ vBis(G)
we have g−1 ⋆ C ⊆ vBis◦(G). Denoting left translation by an element ℓ of a Lie group
L by λℓ, we see that
I−1Bis ◦ f = λ
vBis(G)
g ◦ ι
−1
Bis ◦ λ
Bis
g−1f,
whence I−1Bis ◦ f is a C
k-map.
We are now in a position to establish Proposition B from the introduction:
Proof of Proposition B.. Proposition B 1. (identifying the Lie algebra) is already part
of Theorem 2.8. Hence we are only left to establish regularity of the Lie group vBis(G).
Here we distinguish two cases:
Case 1: M is compact. Since vBis◦(G) ∼= Bis(IG◦) is an open subgroup of vBis(G),
we see that vBis(G) is Cr-regular, if and only if Bis(IG◦) is Cr-regular. However, the
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Cr-regularity of Bis(IG◦) was established in [SW15, Theorem 5.5].
Case 2: G is transitive. In this case G can be identified as a gauge groupoid of
a principal H-bundle P → M . As explained in the introduction (1), we can iden-
tify the compactly supported vertical bisections vBis(G) with the group of compactly
supported gauge transformations Gauc(P ). However, Gauc(P ) (and thus also vBis(G)
is Cr-regular for every r ∈ N0 ∪ {∞} by a combination of [Glo¨15, Theorem A and
Corollary 8.3].
Note that from the construction it is not clear whether vBis(G) is a Lie subgroup
of Bis(G) and not even if vBis(G) is a submanifold of C∞(M,G). Up to this point we
can only obtain the following:
2.9 Lemma. The Lie group topology of vBis(G) from Theorem 2.8 is the subspace
topology induced by C∞(M,G). Moreover, a mapping f : M → C∞(M,G) whose
image is contained in vBis(G) is of class Ck if and only if it is Ck as a mapping into
vBis(G).
Proof. The statement about f : N → C∞(M,G) follows from vBis(G) being an initial
Lie subgroup of Bis(G), Theorem 2.8, and the fact that Bis(G) is a submanifold of
C∞(M,G).
To see that the topology on vBis(G) coincides with the subspace topology induced
by the inclusion vBis(G) ⊆ C∞(M,G), recall that the Lie group topology on Bis(G)
is the subspace topology induced by C∞(M,G) (cf. [AS19, Proposition 1.3]. Further
vBis◦(G) carries the subspace topology of C∞(M,G), Proposition 2.7, whence the
subspace topology induced by Bis(G). Now for τ ∈ vBis(G) the left translations
λτ : Bis(G) → Bis(G), σ 7→ τ ⋆ σ is a homeomorphism mapping vBis(G) to vBis(G).
We conclude that every component of vBis(G) carries the subspace topology induced
by the inclusion vBis(G) ⊆ Bis(G) ⊆ C∞(M,G).
The vertical bisections encode isotropy information of the underlying Lie groupoid.
If the Lie groupoid contains only ’small’ isotropy groups, the subgroup of vertical
bisections is a very small subgroup as the next example shows.
2.10 Example. Consider a proper e´tale Lie groupoid7 G, i.e. a Lie groupoid with
proper anchor map such that α, β are local diffeomorphisms. Then the isotropy sub-
group Gx := α
−1(x) ∩ β−1(x) is discrete. Hence IG◦ = 1(M) ⊆ G and we have
vBis◦(G) = {1}. From the construction of the Lie group vBis(G) via Proposition A.9
in Theorem 2.8 it is then clear that vBis(G) is a discrete Lie group.
2.11 Remark. Albeit the smooth structure on vBis(G) is constructed by translat-
ing the smooth structure of vBis◦(G) along the diffeomorphisms λτ it is still not
clear whether vBis◦(G) is a submanifold of C∞(M,G) as it is not clear that the con-
nected components of vBis◦(G) can be separated from each other in the topology of
C∞(M,G).
7Proper e´tale Lie groupoid are also known as “orbifold groupoids“ as they represent orbifolds.
See [MP97] for more information.
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However, if the isotropy subgroupoid is an embedded Lie subgroupoid here are
situations in which we can indeed obtain vBis(G) as a submanifold of C∞(M,G).
2.12 Proposition. Let G = (G ⇒ M) be a regular Lie groupoid such that the
isotropy subgroupoid IG is an embedded Lie subgroupoid, e.g. if G is a locally transi-
tive Lie groupoid. Then the Lie group vBis(G) from Theorem 2.8 is a submanifold of
C∞(M,G).
Proof. Since IG is an embedded submanifold of G, we can argue as in the proof
of Proposition 2.7 to see that vBis(G) ∼= Bis(IG) ⊆ C∞(M,G) is a submanifold.
Moreover, the manifold structure turns vBis(G) into a Lie group. To distinguish the
new Lie group structure from the one inherited from Theorem 2.8, we write v˜Bis(G)
for this Lie group. As v˜Bis(G) is an embedded submanifold of C∞(M,G), we can
argue as in the proof of (in particular part (b)) of Proposition 2.7 to see that v˜Bis(G)
is an initial Lie subgroup of Bis(G). As any subgroup of a given Lie subgroup carries
at most one structure as an initial Lie subgroup [Nee06, Lemma II.6.2 ], we have
vBis(G) = v˜Bis(G) as infinite-dimensional Lie groups.
Finally, assume that G is locally transitive, i.e. its anchor (α, β) : G→ M ×M is a
submersion. Then IG = (α, β)−1(∆M) is an embedded submanifold of G, where ∆M
is the diagonal embedded in M ×M .
To provide a different geometric interpretation of the vertical bisections we devi-
ate from our usual convention and consider an infinite-dimensional Lie groupoid. In
[SW16b, Definition 2.1] we have constructed an (infinite-dimensional) action groupoid
from the natural action of Bis(G) on M :
2.13. The group Bis(G) acts on M , via the natural action of Diff(M) on M composed
with the morphism β∗ : Bis(G) → Diff(M), σ 7→ β ◦ σ. We can thus define an action
Lie groupoid B(G) := Bis(G) ⋉ M , with source and target projections defined by
αB(σ,m) = m and βB(σ,m) = βG(σ(m)). The multiplication on B(G) is defined by
(σ, βG(τ(m))) · (τ,m) := (σ ⋆ τ,m).
The Lie groupoid B(G) plays a crucial roˆle in the reconstruction of the Lie groupoid
G from its group of bisections (see [SW15, Section 2] for more information on this
process). From the definition of the action Lie groupoid, one immediately obtains that
the vertical bisections determine the isotropy subgroupoid, i.e. IB(G) = vBis(G)⋉M .
2.14. As a final remark, the group vBis(G) can be generalised (as observed by H.
Amiri) by considering {f ∈ C∞(G,G) | α ◦ f = α = β ◦ f, (x 7→ xf(x) ∈ Diff(G)}.
This set turns out to be a subgroup of the group SG(α) from [AS17] (which generalises
Bis(G)). Similar techniques to the ones in the present paper can be used to turn the
generalised group into a Lie group.
Acknowledgments The author is indepted to J.N. Mestre for pointing out Example
2.6 and useful literature he was unaware of.8 Furthermore, he thanks S. Paycha and
H. Amiri for interesting discussions concerning the subject of this work.
8cf. https://mathoverflow.net/questions/329939/isotropy-subgroupoid-of-a-regular-lie-groupoid
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A. Infinite-dimensional differential calculus, Lie groups
and Lie groupoids
In this appendix we recall some basic facts on the infinite-dimensional calculus used
throughout the text. For more information we refer the reader to [Bas64], and the
generalizations thereof (see [GN] and [AS15], also [Glo¨02,Ham82,Mic80], and [Mil84]).
A.1. If E and F are locally convex spaces and f : U → F is a mapping on a locally
convex subset U ⊆ E with dense interior U0, we write
(Dyf)(x) :=
d
dt
∣∣∣
t=0
f(x+ ty)
for the directional derivative of f at x ∈ U0 in the direction y ∈ E, if it exists. A
mapping f : U → F is called Ck with k ∈ N0 ∪ {∞} if f is continuous and there exist
continuous mappings d (j)f : U × Ej → F for all j ∈ N with j ≤ k such that
d (j)f(x, y1, . . . , yj) = (Dyj · · ·Dy1f)(x) for all x ∈ U
0 and y1, . . . , yj ∈ E.
A.2. As compositions of Ck-maps are Ck, one can define Ck-manifolds modeled on a
set E of locally convex spaces as expected: Such a manifold is a Hausdorff topological
space M , together with a maximal set A of homeomorphisms φ : Uφ → Vφ (“charts”)
from an open subset Uφ ⊆M onto an open subset Vφ ⊆ Eφ for some Eφ ∈ E such that⋃
φ∈A Uφ =M and φ ◦ ψ
−1 is Ck for all φ, ψ ∈ A.
If all locally convex spaces in E are Banach, Fre´chet or finite-dimensional spaces,
we say that M is a Banach, or Fre´chet or finite-dimensional manifold, respectively. A
priori all manifolds in this paper are allowed to be modeled on locally convex spaces.
If E = {E} consists of a single locally convex space, then M is a pure Ck-manifold.
Only this case is considered in [GN], but it captures the essentials as each connected
component of a Ck-manifold is open and a pure Ck-manifold. However, the manifolds
Cℓ(K,M) need not be pure (even if M is pure).
A.3 Definition. For a Ck-map f : M → N between manifolds, we say (see [Ham82,
Glo¨16]) that f is
1. a submersion (or Ck-submersion, for emphasis) if for each x ∈M we can choose
a chart ψ of M around x and a chart φ of N around f(x) such that φ ◦ f ◦ ψ−1
is the restriction of a continuous linear map with continuous linear right inverse,
2. an immersion (or Ck-immersion) if for every x ∈ M there are charts such that
we can always achieve that φ ◦ f ◦ ψ−1 is the restriction of a continuous linear
map admitting a continuous linear left inverse.
3. an embedding (or Ck-embedding) if f is a Ck-immersion and a topological em-
bedding.
Note that the above definitions (of submersions etc.) are adapted to the infinite-
dimensional setting we are working in. In general they are not equivalent to the usual
characterisations known from the finite-dimensional setting. See e.g. [Glo¨16] for a
discussion.
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A.4 (Submanifolds). LetM be a Ck-manifold. A subsetN ⊆M is called a submanifold
if, for each x ∈ N , there exists a chart φ : Uφ → Vφ ⊆ Eφ of M with x ∈ Uφ and a
closed vector subspace F ⊆ Eφ such that φ(Uφ∩N) = Vφ∩F . ThenN is a C
k-manifold
in the induced topology, using the charts φ|Uφ∩N : Uφ ∩N → Vφ ∩ F .
A.5. If N is a submanifold of a Ck-manifold M and f : L → M a map on a Ck-
manifold L such that f(L) ⊆ N , then f is Ck if and only if its corestriction f |N : L→ N
is Ck for the Ck-manifold structure induced on N .
Lie groups and Lie groupoids
We follow here [Mil84,Nee06,GN] for the basic theory concerning infinite-dimensional
Lie groups (modeled on locally convex spaces) and [Mac05,Mei17] for (finite-dimensional)
Lie groupoids and Lie algebroids.9
A.6 Definition. A Lie group (modeled on a locally convex space) is a group G carries
the structure of a smooth manifold in the sense of Appendix A such that the group
operations are smooth with respect to the manifold structure.
A.7 Remark. For a Lie group G we write 1 for the unit element. As in the finite
dimensional setting one can associate to G a Lie algebra L(G) ∼= T1G whose Lie
bracket is constructed from the Lie bracket of left invariant vector fields on G.
A.8 Definition. Let G,H be (infinite-dimensional) Lie groups and ϕ : H → G be an
injective morphism of Lie groups. We call H an initial Lie subgroup if L(ϕ) : L(H)→
L(G) is injective, and for each Ck-map f : N → G, (k ∈ N∪{∞}) from a Ck-manifold
N to G with im(f) ⊆ H , the corresponding map ϕ−1 ◦ f : N → H is Ck.
We furthermore need the following construction principle for Lie groups, whose
proof for manifolds modeled on Banach spaces (which generalises verbatim to our
more general setting) can be found in [Bou98, III. §1.9, Proposition 18].
A.9 Proposition. Let G be a group and U, V be subsets of G such that 1 ∈ V = V −1
and V · V ⊆ U . Suppose that U is equipped with a smooth manifold structure such
that V is open in U which turns the mappings ι : V → V ⊆ U and µ : V × V → U –
induced by the group – into smooth maps. Then the following holds:
1. There is a unique smooth manifold structure on the subgroup G0 := 〈V 〉 of G
generated by V such that G0 becomes a Lie group, V is open in G0, and such
that U and G0 induce the same smooth manifold structure on V ,
2. Assume that for each g in a generating set of G, there is an open identity neigh-
borhood W ⊆ U such that gWg−1 ⊆ U and cg : W → U, h 7→ ghg
−1 is smooth.
Then there is a unique smooth manifold structure on G turning G into a Lie
group such that V is open in G and both G and U induce the same smooth
manifold structure on the open subset V .
9Though the concept of infinite-dimensional Lie groupoid is clear, cf. [SW15,SW16b] and [BGJP19],
it is not needed for most of the text.
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We now fix the conventions concerning Lie groupoids. Note that in this article we
will restrict ourselves to finite dimensional Lie groupoids though the basic definitions
make sense also for groupoids modeled on infinite dimensional spaces. The reason is
that we will use tools from differential geometry unavailable in the infinite dimensional
setting.
A.10 . A groupoid G = (G ⇒ M), with source map α : G → M and target map
β : G→M is a Lie groupoid, if the following holds: G andM are smooth manifolds, α
and β are C∞-submersions and the multiplication map G(2) → G, the inversion map
G→ G and the identity-assigning map M → G, x 7→ 1x are smooth.
Moreover, we recall that one can associate to every Lie groupoid G a Lie algebroid
which we denote by L(G).
A.11 Definition. Let F : H → G be a morphism of Lie groupoids. We call H
• immersed subgroupoid of G if F and the induced map on the base are injective
immersions.
• embedded subgroupoid of G if F and the induced map on the base are embeddings.
A.12 Definition. For a Lie groupoid G = (G⇒M) we define the following:
• Denote for m ∈M by Cm the connected component of 1m in α
−1(m). Then we
define the subset
C(G) :=
⋃
n∈M
Cm
By [Mac05, Proposition 1.5.1] we obtain a wide Lie subgroupoid C(G) ⇒ M of
G, called the identity-component subgroupoid of G.
• the isotropy subgroupoid
IG := {g ∈ G | α(g) = β(g)}.
and the identity component subgroupoid of the isotropy subgroupoid IG◦ :=
C(IG).
Endowed with the subspace topology, IG (and also IG◦) are topological bundles of
Lie groups. In general the isotropy subgroupoid is not a Lie subgroupoid as the next
(well known) example shows:
A.13 Example. Let A = (S1 × R2 ⇒ R2 be the action groupoid associated to the
canonical action of the circle group S1 on R2 via rotation. Then
IA = S1 × {0} ∪
⊔
x∈R2\{0}
{1} × {x} ⊆ S1 × R2
is not a submanifold of S1 × R2 and thus the isotropy subgroupoid can not be a Lie
groupoid with respect to the induced structure.
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